
                                                                                                                                                           

                                                                                                                                                           

587 

www.experimentjournal.com 

  
                                                                                                                                                  ISSN 2319-2119 

 
                                                                                                                                               REVIEW ARTICLE 
 

                                E. M. Elabbasy, The Experiment, 2013, May, Vol.10. (1), 587-610 

NEW OSCILLATION CRITERIA FOR SECOND ORDER HALF-LINEAR NEUTRAL TYPE 
DIFFERENCE EQUATION WITH DISTRIBUTED DEVIATING ARGUMENTS 

ABSTRACT In this paper, we will study the oscillatory properties of the second order half-linear difference 
equationwith distributed deviating arguments. We obtain several new sufficient conditions for the oscillation of all 
solutions of this equation. Our results improve and extend some known results in the literature. Examples which dwell 
upon the importance of our results are also included. 
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INTRDUCTION 

In recent years, there has been an increasing interest in the study of the oscillatory behavior of solutions of difference equations (see, 
e.g., [l-19] and the references cited therein). In this paper, we are concerned with the oscillatory behavior of solutions of second -order 
half-linear neutral typedifference equationwith distributed deviating arguments of the form 

∆ |∆ | ∆ , , 0.									 1.1  

Where is nonnegative integers, N = {1,2,...},∆denotes the forward difference operator defined by ∆  - .By a solution of 
equation (1.1) we mean a nontrivial sequence { }defined on , which  satisfying equation 1.1 for all . A solution { } 
of equation 1.1 is said to be oscillatory if it is neither eventually positive nor eventually negative and nonoscillatory otherwise. 
Equation 1.1 is called oscillatory if all its solutions are oscillatory. Throughout this paper, we will assume the following hypotheses: 

A ispositive, 0 ∞ 	 0,1,2, …,where is a constant. 

A 		a 0	, : R → 0,∞ , 0,1,2, … such	that
1

∞. 

A 	 , 0	on	 , 	and	 : , → satis ies	 , 	  

	∈ , 	and		 lim
→

min , ∞. 

A 		 ∈ , such that 0	 0and ⁄ 0. 

The paper is organized as follows. In Section 2, we will state and prove the main oscillation theorems and in Section 3, we provide 
some examples to illustrate the main results. 

MAIN RESULTS 

In this section, we establish some new oscillation criteria for the equation (1.1). We beginwith some useful lemmas, which will be 
used later. 

Lemma 2.1.Let  be a nonoscillatory solution of equation 1.1 .Then there exists a  such that 
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0, ∆ 0and∆ |∆ | ∆ 0for . 2.1  

proof. Let  is eventually positive solution of equation 1.1 , we may assume that 0, 0,and , 0 for 

,  ∈ , .Set . By, assumption , we have  0 , and from equation 1.1 , we get 

∆ |∆ | ∆ ∑ , , 0.																																													(2.2) 

Therefore, |∆ | ∆   is non-increasing sequence. Now we have two possible cases for ∆  either ∆ 0 eventually 
or∆ 0 eventually. Suppose that ∆ 0for . Then from (2.2), there is an integer  such that ∆ 0 and 

∆ ∆ ,												 .																																																													 2.3  

Dividingby  and summing the last inequality from 1, we obtain  

∆
1

						 		 .	 

This implies that → ∞ as → ∞, which is a contradiction the fact that  is positive. Then ∆ 0		. This completes the proof of 
Lemma 2.1. ∎ 

Lemma 2.2.Assume that 1, , ∈ 0,∞ .Then 

1
2

. 

proof. The proof can be found in [6, pp. 292] and also in [8, Remark 2.1]. 

 

Lemma 2.3.Assume that 0 1, , ∈ 0,∞ .Then 

.																																																																												 2.4  

proof. Assume that 0	 	 0		. Then we have (2.4). Assume that 0	 0		.Define ,
.Fix . Then 

,
 

				 0,since0 1. 

Thus,  is nondecreasing with respect to , which yields , 0. This completes theproof. 

 

Lemma 2.4.Let 0�If 0and∆ 	0for all ∈ ,�  
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∆ ∆ 		 					 1, 

and 

∆ ∆ 		 			0 	 1, 

for all n n . 

proof. By Mean value theorem, we have for  

∆ ∆  

where .	The result follows by taking when 1and 1when0 1. 

	

Throughout this subsection we assume that there exists a double sequence  , ׀ 0   and ,  such that 

i , 0	 	 0, 

, 0	 	 0, 

∆ , , , 0	 	 0, 

iv ,
∆ ,

,
	. 

 

In the following results, we shall use the following notation 

:
1

	 , : , : 2 	 , , ≔
∆ ,

,
. 

: , ∆ . 

: ∆ 1
1

. 

, : 1

,
, ,

,

. 

Next, we state and prove the main theorems. 
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Theorem 2.1.Let 1. Further, assume that there exists a positive non decreasing sequence { }, such that for any ∈ , there 
exists an integer  , with 

lim
→

sup
2 ,

1
1

1
∆

∞,																																														 2.5  

where , , , , 	. 

 

Then every solution of equation (1.1) is oscillatory. 

Proof. Assume that { } is a positive solution of equation (1.1) which does not tend to zero as → ∞.  From equation (1.1), we 
have 

∆ ∆ , , 0.																																																																					 2.6  

From 2.6  and condition there exists  such that for  , we get 

0 ∆ ∆ , ,  

∆ ∆ , ,  

∆ ∆ , ,  

∆ ∆ , ,  

∆ ∆ , ,  

∆ ∆ ∆ ∆  

, , , ,  
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∆ ∆ ∆ ∆  

					 , , , . 

By using Lemma 2.2, we obtain 

∆ ∆ ∆ ∆
2 , , 0. 

Further, it is clear from  

, , , , ≡ 	, ∈ , . 

Thus 

∆ ∆ ∆ ∆
2 , 0.																		 2.7  

Define 

≔
∆

.																																																																			 2.8  

Then 0 . From 2.8 , we have 

∆ ∆
∆

∆
∆

 

∆
∆ ∆ ∆

 

∆ ∆
.																																			 2.9  

Since ∆ 0, and from the lemma (2.4), we have 

∆  

∆ 		, 1.																																																	 2.10  

Substitute from 2.10 in 2.9 , we have 

∆
∆ ∆ ∆
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∆ ∆
		.																	 2.11  

By Lemma (2.1), since |∆ | ∆ ∆ is decreasing sequance then  

∆ ∆ .Then it follows that 

∆
∆

.																																																	 2.12  

It follows from 2.11 and 2.12  that 

∆
∆ ∆ ∆

 

∆ ∆
 

∆ ∆ ∆
.																																																					 2.13 	

Similarly, define another sequence by 

≔
∆

.																																																	 2.14  

Then 0 .From 2.14 , we have 

∆
∆

∆
∆

 

∆ ∆ ∆
 

∆ ∆
.																																								 2.15  

From 2.14 , 2.15 and 2.12 , we have 

∆
∆ ∆ ∆

.																																											 2.16  

From (2.13) and (2.16), we obtain 
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∆ ∆
∆ ∆ ∆ ∆

 

∆ ∆
.					 2.17  

From (2.7) and (2.17), we have 

∆ ∆
2 ,

∆
 

∆
.					 2.18  

Using 2.18  and the inequality 

1
, 0,																																												 2.19  

we have 

∆ ∆
2 ,

1
1

∆
1

∆
. 

Summing the lastinequality from to 1, we obtain 

2 ,
1
1

1
∆

. 

Which yields 

2 ,
1
1

1
∆

, 

where 0 is a finite constant. But, this contradicts 2.5 . This completes the proof of Theorem 2.1. ∎ 

Remark 2.1.Note that from Theorem 2.1, we can obtain different conditions for oscillation of all solutions of equation (1.1) by 

different choices of . Let ,  and 1 is a constant. By Theorem 2.1, we have the following result. 

 

Corollary 2.1.Assume that all the assumptions of Theorem 2.1 hold, except the condition (2.5) is replaced by 
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lim
→

sup
2 , 1

1
1

∞.	 

Then every solution of equation 1.1  is oscillatory. 

 

Remark2.2.If ≡ 1, ≡ 1, , ≡ , , ≡ .	Then Theorem 2.1 extended and 

improved Theorem 1 in [19]. 

By using the inequality in Lemma 2.3, we obtain the following result. 

 

Theorem 2.2. Let 0 	 1 . Further, assume that there exists a positive non decreasing sequence , such that for any ∈
	 , there exists an integer , with 

lim
→

sup ,
1

1
∆

∞. 

Then equation (1.1) is oscillatory. 

Proof. The proof is similar to that of Theorem 2.1 and hence the details are omitted. 

 

Theorem 2.3.Assume that 1, and let  be a positive sequence. Furthermore, we assume that there exists a double sequence  

, ׀ 0 . If 

lim
→

sup
1

,
, 2 , 1

1
1

, , ∞.																 2.20  

Then every solution of equation (1.1) is oscillatory. 

Proof. Proceeding as in Theorem 2.1 we assume that equation (1.1) has a non- oscillatory solution, say > 0 and 0 for all 
. From the proofof Theorem 2.1, we find that (2.18) holds for all . From 2.18 , we have 

2 , ∆ ∆
∆ ∆

.	 

Therefore, we have 
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, 2 , , ∆ , ∆ ,
∆

 

, ,
∆

, , 

whichyields after summing by parts 

, 2 , , ∆ , ,
∆

,  

, ∆ , ,
∆

, . 

Hence 

, 2 , ,
∆ ,

,
, ,  

						 ,
∆ ,

,
, ,  

				 , , , ,  

, , , , . 

From (2.19), we have 

, 2 , ,  

1
1

, ,
,

1
1

, , .	 

Then, 
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, 2 , 1
1
1

, ,
, , , 

which implies 

, 2 , 1
1
1

, ,
, | | , | |. 

Hence, 

, 2 , 1
1
1

, ,  

, 2 , | | | | . 

Hence, 

lim
→

sup
1

,
, 2 , 1

1
1

, ,  

2 , | | | | ∞, 

which is contrary to (2.20). This completes the proof of Theorem 2.3. ∎ 

 

 

Corollary 2.2.Assume that all the assumptions of  Theorem 2.3 hold, except the condition (2.20) is replaced by 

lim
→

sup
1

,
, 2 , ∞,												 

lim
→

sup
1

,

1
1

, , ∞. 

Then equation 1.1  is oscillatory. 
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Remark2.3. By choosing specific sequence ,  , we can derive several oscillation criteria for 1.1  .Let us consider the double 

sequence ,  defined by 

, , 1, 0, 

Then , 	 	0 for m	 	0 and , 0  and ∆ , 0		for 0.	By Theorem 2.3, we get the following oscillation criteria 

for 1.1 . 

Corollary2.3. Assume that all the assumptions of Theorem 2.2 hold, except the condition (2.20) is replaced by 

lim
→

sup
1

2 ,
1
1

∆ ∞. 

Then equation 1.1  is oscillatory. 

 

Remark 2.4.If ≡ 1, ≡ 0, , ≡ , , ≡ then Theorem 2.1and 2.3 extended and improved Theorem 
2.1and 2.2respectively in [15]. 

 

By using the inequality in Lemma 2.3, we obtain the following result. 

 

Theorem2.4.Let 0	 	 1. Further, assume that there exists a positive non decreasing sequence , such that for any ∈ 	 , 
there existsan integer , with 

lim
→

sup
1

,
, , 1

1
1

, , ∞. 

Then equation (1.1) is oscillatory. 

 

Proof. The proof is similar to that of Theorem 2.3 and hence the details are omitted. 

Theorem 2.5.Let 1. Further, assume that there exists a positive non decreasing sequence { }, such that for any ∈ , there 
exists an integer  , with 

lim
→

sup
2 ,

1
2

∆
J

∞,																																																																		 2.21  

where . 
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Then every solution of equation (1.1) oscillatory. 

Proof.Assume that { } is a positive solution of equation (1.1) which does not tend to zero as 	 → ∞.  By Lemma 2.1, we have 2.1  
and from Theorem 2.1, we have 2.7 .Define  and  by (2.8) and (2.14) respectively. Proceeding as in the proof of Theorem 2.1, 
we obtain (2.9) and (2.15). By using the inequality 

2 	 	 0	 	 1,we have 

∆ 2 2 ∆ 		, 1.			 2.22  

Substitute from 2.22 in 2.9 , we have 

∆
∆ ∆ ∆

2
∆ ∆

. 2.23  

From 2.12 , we have 

∆
∆ ∆ ∆

 

2
∆ ∆ 1

 

∆ ∆ ∆
2

J
.																																																						 2.24 	

On the other hand, from 2.15 , we have  

∆
∆ ∆ ∆

2
J

.																																													 2.25  

From (2.24) and (2.25), we obtain 

∆ ∆
∆ ∆ ∆ ∆

 

∆
2

J ∆
2

J
.								 2.26  

From (2.7) and (2.26), we have 

∆ ∆
2 ,

∆
2

J
 

∆
2

J
.														 2.27  
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Using the inequality 	 	 	 , 	 	0	in (2.27), we have	

∆ ∆
2 ,

1
2

1
∆
J

.																																																										 2.28  

Summing 2.28 from to 1, we obtain 

2 ,
1

2
1

∆
J

, 

which yields 

2 ,
1
2

∆
J

, 

where 0 is a finite constant. Taking lim sup in the above inequality, we obtain a contradiction with 2.21 . 

This completes the proof of Theorem 2.5. ∎ 

 

By using the inequality in Lemma 2.3, we obtain the following result. 

 

Theorem 2.6.Let 0	 	 1. Further, assume that there exists a positive non decreasing sequence , such that for any ∈ 	 , 
there exists an integer , with 

lim
→

sup ,
1

2
1

∆
J

∞. 

 

Then equation (1.1) is oscillatory. 

 

Proof. The proof is similar to that of Theorem 2. 5 and hence the details are omitted. 

 

Theorem2.7.Assume that	 1and let  be a positive sequence. Furthermore, we assume that there exists a double sequence  

, ׀ 0 . If 
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lim
→

sup
1

,
, 2 , 1 , ,

4
∞.																																						 2.29  

Then every solution of equation (1.1) isoscillatory. 

Proof.Proceeding as in Theorem 2.5 we assume that equation (1.1) has a non- oscillatory solution, say > 0 and 0 for all 
. From the proofof Theorem 2.5 we find that (2.27) holds for all . From 2.27 , we have 

2 , ∆ ∆
∆ ∆

.																						 2.30  

Therefore, we have 

, 2 , , ∆ , ∆  

,
∆

,  

,
∆

, , 

Which yields after summing by parts 

, 2 , , ∆ , ,
∆

,  

, ∆ , ,
∆

,  

,
∆ ,

,
, ,  

,
∆ ,

,
, ,  

, , , ,  
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, , , , . 

Using the inequality 	 	 	 , 	 	0	, we have 

, 2 , ,
, ,

4 ,
,

2
,  

,
, ,

4 ,
,

2
, . 2.31  

Then, 

, 2 , 1 , ,

4 , , , 

which implies 

, 2 , 1 , ,

4 , | | , | |. 

Hence, 

, 2 , 1 , ,

4 , 2 , | | | | . 

Hence, 

lim
→

sup
1

,
, 2 , 1 , ,

4
 

2 , | | | | ∞, 

which is contrary to (2.29). This completes the proof of Theorem 2.7.∎ 
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Corollary 2.4.Assume that all the assumptions of  Theorem 2.7 hold, except the condition (2.29) is replaced by 

lim
→

sup
1

,
, 2 , ∞,												 

lim
→

sup
1

,
1 , ,

4
∞. 

Then equation 1.1  is oscillatory. 

Remark2.5. By choosing specific sequence ,  , we can derive severaloscillation criteria for 1.1 .Let us consider the double 

sequence ,  defined by 

, , 1, 0. 

By Theorem 2.7, we get the following oscillation criteria for 1.1 . 

Corollary2.5. Assume that all the assumptions of Theorem 2.7 hold, except the condition (2.29) is replaced by 

lim
→

sup
1

2 , 1

∆

4
∞. 

Then equation 1.1  is oscillatory. 

 

Remark2.6.If ≡ 1, , ≡ , , ≡ .	Then we reduced to Theorems of Sakerin [14]. 

Remark2.7.If ≡ 1, ≡ 1, , ≡ 1 , , ≡ .Then we reduced to Theorems in [18]. 

Remark2.8.If ≡ 1, ≡ 1, , ≡ , , ≡ .Then Theorem2.7 extended and improved Theorem 1 in [12]. 

 

By using the inequality in Lemma 2.3, we obtain the following result. 

 

Theorem2.8.Let 0	 	 1. Further, assume that there exists a positive non decreasing sequence , such that for any ∈ 	 , 
there exists an integer , with 

lim
→

sup
1

,
, , 1 , ,

4
∞. 
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Then equation (1.1) is oscillatory. 

Proof. The proof is similar to that of Theorem 2.7 and hence the details are omitted. 

 

Theorem 2.9.Assume that there exists a positive non decreasing sequence { }, such that for any ∈ , there exists an integer 
 , with 

lim
→

sup , , ∞,																																																																			 2.32  

where 

	 , : , 1 , . 

Then every solution of equation (1.1) is oscillatory. 

Proof. Assume that { } is a positive solution of equation (1.1) which does not tend to zero as → ∞.   

From (2.1) and the fact that , we see that 

, , , , ∈ , ∈ , 																						 2.33  

Further, it is clear form A  that 

, , , , ≡ 	, ∈ , . 

Which in view of (2.1) leads to 

, , ∈ 	, ∈ , . 

Using the above inequality together with 2.1 , 2.33 , A A  in equation 1.1 for , we get 

0			 ∆ ∆ , ,  

∆ ∆ , ,  

∆ ∆ , , , ,  
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∆ ∆ , 1 , ,  

∆ ∆ , 1 ,  

∆ ∆ , 1 ,  

∆ ∆ , .																																																																																													 2.34  

Define the sequence   by the generalized Riccati substitution 

≔
∆

	. 																																																																																													 2.35  

It follows that 

∆ ∆ ∆ ∆
∆ ∆

. 

From 2.34 	 2.35 , we have 

∆ , ∆
∆ ∆ ∆

. 2.36  

First: we consider the case when 1. By using the inequality 5, 		 . 39  

	 	 0	 	 1, 

We may write 

∆ ∆ 		, 1. 

Substituting in 2.36 , we have 

∆ , ∆
∆

 

∆ ∆
	.														 2.37  

From 2.12 and 2.37 , we find 



                                                                                                                                                           

                                                                                                                                                           

605 

www.experimentjournal.com 

  
                                                                                                                                                  ISSN 2319-2119 

 
                                                                                                                                               REVIEW ARTICLE 
 

                                E. M. Elabbasy, The Experiment, 2013, May, Vol.10. (1), 587-610 

∆ , ∆
∆

 

∆ ∆
 

, ∆
∆ ∆

.					 2.38 	

 

Second: we consider the case when 0 1. By using the inequality 

	 	 0	 	0 1, 

We may write 

∆ ∆ 		,0 1. 

Substituting in 2.36 , we have 

∆ , ∆
∆ ∆ ∆

							. 

From (2.12) and by Lemma(2.1), since ∆ is decreasing sequence, we have  

∆ ∆ ∆
.															 2.39  

Thus, we again obtain 2.38 . However, from 2.35  we see that 

∆
.																																 2.40  

Then, by using the inequality 7, 	 .		534  

1
1

1
	, 1, 

we may write equation (2.40) as follows 
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1
1

.						 

Substituting back in 2.38 , we have 

∆ , ∆  

∆ 1
1

	.														 2.41 	 

Thus, 

∆ .				  

Therefore, we have 

, , ∆
,

, , 

which yields after summing by parts 

, , ∆ ,
,

, . 

Hence 

, ,
,

, ,
, . 

Using the inequality 

1
, 

for , 		 	 ,
, ,  , we obtain 
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, μ , , , | |, 

which implies 

, μ , , | | . 

Hence, 

lim
→

sup
1

,
, μ , ∞, 

which is contrary to (2.32). This completes the proof of Theorem 2.9. ∎ 

 

Corollary 2.6.Assume that all the assumptions of  Theorem 2.9 hold, except the condition (2.32) is replaced by 

lim
→

sup
1

,
, ∞,												 

lim
→

sup
1

,
, ∞. 

Then equation 1.1  is oscillatory. 

 
Examples 
 

In order to show the application of our results obtained in this paper, let us consider the following second order difference equation 
with distributed deviating arguments: 

Example3.1.Consider the nonlinear delay difference equation 

∆
1
∆ 0, 1																																		 3.1  

where , 1, 0, 1, , .If we take 	 	 , 1 then we have , 

2 ,
1 1

1
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4 1
1

4 1
4 1
4

→ ∞ 

	 → ∞if .Thus Theorem 2.1 asserts that every solution of (3.1) is oscillatory when . 

 

Example 3.2.Consider the linear neutral delay difference equation 

 

∆ 0, n 1																																																					 3.2  

wherea ψ x 1, p p 0, α 1, τ 1, q n, ξ . If we take , 1 = n, then,we have 1, 

2 ,
1 1

1
1
4

4 1
4

∞ 

If 1  .By Corollary 2.1, every solution of (3.2) oscillatorywhen 1 . 

 

Example3.3.Consider the nonlinear delay difference equation 

∆ ∆ 0, 1																																																		 3.3  

where , 1, 0. 1, , .If we take , 1, then we have , 

,
1

1 4
4 1

4
→ ∞ 

	 → ∞	 	 .By Theorem 2.2 every solution of (3.3) is oscillatory when . 

 

Example3.4.Consider the nonlinear neutral difference equation 

∆
1

∆ 0, 1																																																		 3.4  
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where , 1, 0, 3, , .If we take = , 1, then, we have , 

lim
→

sup
2 ,

1
2

∆
lim
→

sup
4

4 1
1

∞ 

	 	 0.By Theorem 2.5 every solution of (3.4) is oscillatory when 0. 
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