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On the Cubic Equation with Six Unknowns 
)(2 333333 QPwzyx   

ABSTRACT 

The Cubic Equation )(2 333333 QPwzyx  is analyzed for its patterns of non – zero integral solutions. Four patterns of 
solutions are illustrated. A few properties among the solutions are presented.  
 
KEY WORDS: Cubic Equation with Six Unknowns, Integral solutions, MSC2000 Subject Classification: 11D25 

 

INTRODUCTION 

Integral solutions for the homogeneous (or) non homogeneous Diophantine cubic equation is an interesting concept as it can be seen from 
[1, 2, 3]. In [4-9] a few special cases of cubic Diophantine equation with 4 unknowns are studied. In [10, 11], cubic equations with 5 
unknowns are studied for their integral solutions. In this communication we present the integral solutions of an interesting cubic equation 

with 6 unknowns )(2 333333 QPwzyx  .  
NOTATIONS USED 

 nmt ,    - Polygonal number of rank n with sizem . 

 m
np    -  Pyramidal number of rank n with sizem . 

 nso    - Stella octangular number of rank n   

 ns      - Star number of rank n  

 npr     - Pronic number of rank n  

 npt    - Pentatope number of rank n  

 

METHOD OF ANALYSIS 

The Cubic Diophantine equation with six unknowns to be solved is given by 

 )(2 333333 QPwzyx             (1) 

The substitution of the linear transformations  

vux   , vuy   ,suz  ,suw  ruP   and ruQ           (2) 

in (1)  leads to           222 2rsv                (3) 

(3) is solved through different approaches and the different patterns of solutions of (1) obtained are presented below 
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Pattern -I  

 Take 22 bar                                                             (4)    

Write 2 as )1)(1(2 ii                                                                                                              (5) 
Substituting (4) & (5) in (3) and using the method of factorization, define 

 
2))(1( ibaiisv                                                                                                         (6) 

Equating the real and imaginary parts of (6), we get 

 
abbabas

abbabav

2),(

2),(
22

22




                                                                                                     (7) 

Substituting (7) in (2), the integral solutions of (1) are given by 

 

22

22

22

22

22

22

2

2

2

2

bauQ

bauP

abbauw

abbauz

abbauy

abbaux













                                                                                                      (8) 

 
 Properties: 

 
58))1(,,())1(,,())1(,,())1(,,( apaaauQaaauPaaauzaaauy   

 usobauuQbauuP 2),),12((),),12(( 22   

 ),,(),,(),,(),,( bauwbauzbauybaux   

 uprbauuybauux 2),),1((),),1((   

 ),,(),,(),,(),,( aauwaauyaauxaauz    is a square number 

 The triple ),,,(),,( bauxbauz   ,2),,(),,( ubauzbaux   ubauP 2),,(2   

forms a Pythagorean triple  
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Pattern -II  
 In (5), write 2 as 

  25
)7)(7(2 ii 

                                                                                                     (8) 

Following the procedure presented in pattern-I, the solution of (3) are given by 

 
)14(

5
1

)277(
5
1

22

22

abbas

abbav





                                                                                                   (9) 

Replacing a by 5A and b by 5B in (9), and using (2), we have 

 

22

22

22

22

22

22

2525),,(

2525),,(

7055),,(

7055),,(

103535),,(

103535),,(

BAuBAuQ

BAuBAuP

ABBAuBAuw

ABBAuBAuz

ABBAuBAuy

ABBAuBAux













 

 
Properties: 

 0),,(),,(),,(),,(  BAuwBAuzBAuyBAux  

 )11(mod0)1,,(7)1,,(  AAzAAy  

 ]2),,(),,([3 ,4 AtBAuQBAuP   is a nasty number 

 }168))12)(1(,,())12)(1(,,(

))]12)(1(,,())12)(1(,,([5{
4
ApAAAuQAAAuP

AAAuwAAAuz




      is a perfect square        

 312),),2)(1((),),2)(1(((

),),2)(1((),),2)(1((

ApBAAAAQBAAAAP

BAAAAwBAAAAz




            

Pattern –III 

 (3) can be written as 1*2 222 vsr                                                                    (10) 

Write 222 bav  , )12)(12(1                                                                                (11) 

Using (11) in (10) and employing the method of factorization, define  

  )12()2()2( 2  basr   
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Equating the rational and irrational parts, we have 

 
abbar

abbas

22

42
22

22




  

Substitution in (2), the corresponding integer solutions to (1) are given by 

  

abbauQ

abbauP

abbauw

abbauz

bauy

baux

22

22

42

42

2

2

22

22

22

22

22

22













 

 
Properties: 

 )8(mod0)],,(),,([)],,(),,([)],,(),,([ 222 ubauwbauQbauybauxbauPbauw   

 utBAuuyBAuux ,34),),1((),),1((    

  AptAAAAuPAAAAuz 48))3)(2(),1(,())3)(2(),1(,(   

 AOHBAAAQBAAAP 2)],),12((),),12(([3 22   

 )],,(),,([3)],,(),,([3 AAuwAAuQAAuPAAuz   is a nasty number 

 
Pattern –IV 

 Write 1 as  
49

)125)(125(1 
   

Repeating the above process as in pattern (3), the non-zero distinct integral solutions of (1) are found to be 

 

ABBAuBAuQ

ABBAuBAuP

ABBAuBAuw

ABBAuBAuz

BAuBAuy

BAuBAux

143570),,(

143570),,(

140714),,(

140714),,(

4998),,(

4998),,(

22

22

22

22

22

22
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Properties: 

 
52222 4),),1((),),1((),),1((),),1(( upBAuuQBAuuPBAuuyBAuux   

 usoBAuuQBAuuP 2),),12((),),12(( 22   

 uprBAuuyBAuux 2),),1((),),1((   

 )),,(),,((3 22 BAuwBAuz   is a nasty number 

 
CONCLUSION: 

 To conclude, one may search for other patterns of solutions and their corresponding properties. 
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